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Abstract. We present a theory for splitting algebras of monic polynomials over 
rings, and apply the results to symmetric functions, and Galois theory. Our main 
result is that the ring of invariants of a splitting algebra under the symmetric group 
almost always is the ring of coefficients. 


Introduction 

Splitting algebras of monic polynomials with coefficients in a ring appear in a 
natural way in many different parts of mathematics, and the theory of splitting 
algebras is useful in several context. It offers, for example, an attractive approach 
to Galois Theory, and it forms the natural setting for resultants and discriminants, 
and for the study of symmetric polynomials. Moreover, the cohomology rings of 
flag spaces are splitting algebras. 

Splitting algebras are constructed in most second courses in algebra, although the 
students and teachers are usually not aware of this (see, [B] Dehnition §5 AIV.67, 
and section IV for an exception). For all these reasons it is curious that splitting 
algebras and their properties are unknown to most mathematicians. 

In this article we shall try to compensate for this ignorance by presenting two 
different constructions of splitting algebras of monic polynomials with coefficients in 
a commutative ring with unity, and prove the main results about splitting algebras. 
The most important, and surprising, result is that if f{t) is a monic polynomial of 
degree n with coefficients in a ring A, then the symmetric group ©„ on n letters 
operates on the splitting algebra Aj of f{t) in a natural way, such that the ring 
of invariants under this action is A, when 2, or the discriminant of /(t), is neither 
zero nor a zero divisor in A. We do not know much about the exceptional cases 
when the ring of invariants is strictly larger than A. It would be satisfactory to 
have more information on when this happens, and what the non constant invariants 
look like. 

One of the classical and best known results in algebra is the Main Theorem on 
Symmetric Functions that consists of the following three assertions (see e.g. [B] §6 
Theoreme 1 AIV58.): 


m .. ... I 1 A . 


. m_“VT" 



Let t, ti, t 2 , ■ ■ ■ ,tn be independent variables over a ring A, and let si, S 2 , ■ ■ ■, Sn be 
the elementary symmetric functions in these variables. 

(1) The ring of invariants of A[ti,t 2 T ■ ■ ■, tn] under permutations of the variables 

^[Sl, S2, • ■ • , . 

(2) The elementary symmetric functions si, S 2 , ■ ■ ■, Sn are algebraically inde¬ 
pendent over A, that is, they are not roots of a non-zero polynomial in n 
variables with coefficients in A. 

(3) The ring A[ti,t 2 , ■ ■ ■ An] is free as a A[si, S 2 , ■ ■ ■, Sn]-module. A basis is 

given by the monomials with 0 < mi < i for i — 1,2,... ,n. 

It is less known that the Main Theorem of Symmetric Fnnctions follows from 
corresponding properties of splitting algebras of generic polynomials. The advan¬ 
tage of obtaining the Main Theorem of Symmetric Fnnctions from the properties of 
splitting algebras is that the resnlts for splitting algebras are valid in mnch greater 
generality. As an additional beneht we have that the correspondence between the 
Main Theorem of Symmetric Fnnctions and the properties of splitting algebras of 
generic polynomials make the proofs easy and conceptnal. 

We also indicate how splitting algebras can be nsed to obtain an attractive 
approach to Galois Theory. Becanse of the nniversal character of splitting algebras 
the splitting field L of a polynomial of degree n over a held K is the residne held ip : 
Kf ^ L of the splitting algebra A/ of f{t) over K. Via p the Galois Gronp G{L/K) 
of L over K is simply the snbgronp of the symmetric gronp ©„ that preserve the 
kernel of p. This approach appears to be a natnral way of considering the Galois 
Theory of L over K, essentially eqnivalent to the original way of considering Galois 
gronps as the gronp of permntations of the roots of a polynomial that preserve all 
the relations between the roots. It is worth noting that whereas there are examples 
in all positive characteristics of non-trivial extensions with trivial Galois gronp, the 
ring of invariants of Kf nnder the action of ©^ is K when the characteristic is 
different from 2. 

As a typical illnstration of onr approach to Galois theory we prove that an 
irredncible polynomial with coefficients in K that has a root / in the splitting held 
L of / has all its roots in L. We choose an element r in Kf snch that p{t) = 1. 
By onr resnlts on the invariants of Kf nnder the action of ©^ (Theorem (2.4) and 
Gorollary (2.5)) we have that the polynomial Hcree ~ coefhcients in 

K. Hence the polynomial h{t) = Hcree ~ coefhcients in K and splits 

completely in L. The root corresponding to a = ide^ is /. Hence the irredncible 
polynomial g{t) divides h{t) and thns have all its roots in L. 

We shall make no ehort to systematically exploit the connection between splitting 
algebras and Galois Theory, bnt content onrselves with proving that L is nniqne np 
to A-isomorphisms, and that the held of invariants nnder the action of G(A/L) on 
L is eqnal to A when f{t) is separable over A. The proofs are of a diherent character 
than those commonly given in Galois Theory, and are slightly more technical than 
those of the rest of this article. 

1. Splitting algebras 

We shall give two diherent constrnctions of the splitting algebra of a monic 
polynomial with coefhcients in a ring. Each of the constrnctions reveals a diherent 
face of splitting algebras and each leads to valnable information. 
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1.1 Notation and conventions. All rings will be commutative with unity. We 
say that an element of a ring A is regular if it is neither zero, nor a zero-divisor. 
An algebra over a ring A is a ring B with a ring homomorphism (p : A ^ B. Often 
we simply write (p : A ^ B for an A-algebra. We say that a ring homomorphism 
X ■ B ^ C between two A-algebras (p : A ^ B and '0 : A —(7 is an A-algebra 
homomorphism when '0 = XA- 

Let X • ^ O be an A-algebra homomorphism. For each polynomial 

<,(() = t" - + 92*"-" - ■ ■ ■ + 

in the variable t with coefficients in the A-algebra B we write 

{X9)it) = r - x{9i)t"'~^ + x{92)t'^~^ -+ (-l)'"x(^n) 

for the corresponding polynomial with coefficients in C. 

Let A be a ring and let f, ti, t 2 , • • ■, tn be independent variables over A. We 
denote by A[t,ti,t 2 , ■ ■ ■, tn] the ring of polynomials in the variables t, ti, t 2 , • • •, tn 
with coefficients in A. The elementary symmetric funetions si,S 2 ,...,Sn in the 
variables ti, t 2 , • • •, tn are dehned by the identity 

r - -F 82 ^“^-h (-l)”Sn = (t - tl){t -t2)---{t- tn) (1-1.1) 

in the polynomial ring A[f, fi, ^ 2 , • ■ ■ An] — ^[ti, 12 , ■■■, tn][t]. 

1.2 Definition. Let f{t) = t” — fit'^~^ + be a monie 

polynomial with coefficients in the ring A. The splitting algebra A/ of f{t) over A 
is the residue ring of the polynomial ring A[ti, t 2 , • ■ •, tn] modulo the ideal generated 
by the elements si - /i, S 2 - / 2 , • • •, Sn - /n- 

Let 

(pf : A[tl, ^2, ■ • • , tn] —^ Af 
be the residue map and write 

ipfiti) =Ti for f = 1, 2,.. .,n. 

By dehnition we have that <Pf{si) = (pf{fi) for i = 1,2, ...,n. Hence, when we 
apply ipf to the polynomials on both sides of the identity (1.1.1), we obtain a 
complete splitting 

r - /ir-i + /2r-2 - ■ ■ ■ + {-iru = (t - Ti)(t - T2) ■ ■ ■ (t - w) (1.2.1) 

of f{t). We call the splitting (1.2.1) the universal splitting, and we call ti, T 2 , ..., 
the universal roots. 

1.3 The universal property. For every A-algebra p> : A ^ B and every family 
of elements vi,V 2 , ■ ■ ■ ,Vn in B such that we have a complete factorization 

t''-A(/i)t''“^+A(/2)A'“^-= (t-r^i)(t-w) ■ ■ ■ (t-w) (1.3.1) 

of {ipf)(t), there is a unique A-algebra homomorphism 

: Af = A[ti,T2, ...,Tn\^B 
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determined by = Vi for i — 1, 2,..., n. 

Proof. Let x : A[ti, t 2 , ■ ■ ■ ,tn] ^ B be the unique A-algebra homomorphism deter¬ 
mined by xifi) = Ui for t = 1, 2,..., n. Then (1.3.1) can be written 

t" - + x(/ 2 )t"-" - • • ■ + (-l)"x(/„) 

= (t- x(tl))(t - xfe)) •■•(«- x{tn))- (1.3.2) 

When we apply x to the polynomials on both sides of (1.1.1) we obtain that 

*"-X(Sl)*"“' + X(S 2 )i"“^-+(-l)"x(*n) = (*-X(*l))(*-X(* 2 ))'"(f-X(*n)). 

(1.3.3) 

From equations (1.3.2) and (1.3.3) it follows that x(/i) ===" x('Si) for t = 1, 2,..., n. 
Hence x factors uniquely through an H-algebra homomorphism f) : Af ^ B such 
that '0(Ti) Ui for i = 1, 2,..., n. 

1.4 Remark. As long as we allow the base ring A to be arbitrary some care is 
needed when we treat uniqueness. It is true in general that t — a is regular in 
A\f\ for any a & A but that does not imply that if a monic polynomial has a 
complete splitting then that splitting is unique. As an example, assume that we 
have 0 7 ^ h G A with 5^ = 0. Then we have that 1“^ = {t + 5){t — 5). 

1.5 Uniqueness. It follows from the universal property of section (1.3) that Af is 

unique up to isomorphisms. More precisely, if x : A —A' is another A-algebra such 
that we have a complete splitting (x/)(f) = if — — t^) ■ ■ ■ {t — r^) with roots 

r(, r 2 ,..., in A', and such that A' satishes the universal property of (1.3), then 
there is a unique isomorphism of A-algebras : Af ^ A' such that 'firi) — r- for 
t = 1, 2,..., n. In fact, the existence of such an A-algebra homomorphism follows 
from the universal property of Af. On the other hand the universal property of A! 
guarantees the existence of an A-algebra homomorphism if' •. A! ^ Af such that 
if'ir'j) = Ti for t = 1, 2,..., n. Finally the universality of A^ implies that if'if is the 
identity on A, and the universality of A' that if if' is the identity on A'. 

1.6 Action of the symmetric group. Let &n be the symmetric group of permu¬ 
tations of the integers {1, 2,..., n}. For each permutation a we have a rearrange¬ 
ment To--i(i), To--i( 2 ), • • ■, To--i(n) of the universal roots of /(t). Hence it follows 
from the universal property (1.3) for Af that there is a corresponding A-algebra 
homomorphism 

Pa-Af^ Af 

determined by <Po-(a) = U-qq for i = 1, 2,..., n. It is clear that for p and a in 
we have that 

Aid©„ fmd that Pap PaPp- 

In other words, the group ©^ acts on the A algebra A/. 

1.7 Alternative construction of the splitting algebra. We start the alterna¬ 
tive construction with the A-algebra A = A^ and the polynomial fit) = /n(t) and 
construct, by descending induction on i, A-algebras A^ = A[n^, n^-i, • • •, and 
polynomials fft) in Ai[t] for i = n — 1, n — 2,..., 0 as follows: 

Assume that we have dehned A^ = A)^^,'^^-!, • ■ • ,U+i] and fft) in Aft]. We 
dehne Ai_i by Ai_i = Ai[f\/ifiif)) and we let Vi be the class of t in Ai_i. Then 
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Ai_i = Ai[vi] = A[vn,Vn-i,...,Vi], and we define fi-iit) by fi-iit) = 

Vi)- 

Note that Aq = Ai since fiit) = t — vi. 

The A-algebra Aq is canonically isomorphic to Af. In fact, the A-algebra Aq has 
the nniversal property (1.3). To see this we note that f{t) splits as f(t) = nr=i(^~ 
Vi) in Ao[t], and for every A-algebra ip : A ^ B snch that {ipf){t) = YYi=i^^ ~ 
with ai, (72,..., cr^ in B we can, by descending indnction on t, constrnct an A- 
algebra homomorphism Ai ^ B for i = n, n — 1,...,0 which maps Vj to aj for 
j = n,n-l,...,b 

1.8 Remark. A nsefnl conseqnence of the alternative constrnction is that the 
natnral map A[Tn]f^_i ^ Af is an A-algebra isomorphism. 

1.9 Remark. The formation of splitting algebras is compatible with extension of 
scalars. That is, when p : A ^ B is a ring homomorphism the canonical map 
Af ^ B^pf resulting from the universal splitting of pf in Bp,f gives, by extension 
of scalars, an isomorphism of R-algebras 

B Af Bipf. 

1.10 Proposition. The splitting algebra Af = A[ri, r 2 ,..., r^] is a free module 

over the ring A with a basis consisting of the elements with 0 < 

mi < i for t = 2, 3,..., n. 

Proof. The polynomial fi{t) of the alternative construction (1.7) is monic of degree 
i, and has coefficients in A. Hence the A^-algebra Ai-i = Ai[t]/{fi{t)) is a free 
A^-module of rank n with basis 1, ..., for i = 1, 2,..., n. The proposition 

consequently follows from the inductive dehnition of Aq = Ai. 

2. Splitting algebras of generic polynomials 

We shall prove the main properties of splitting algebras of generic polynomials, 
that is, polynomials whose coefficients are independent variables over a base ring. 
These properties are collected in the Main Theorem on Splitting Algebras of Generic 
Polynomials. The properties are analogous to the properties of the Main Theorem 
of Symmetric Functions. In fact we observe that the two Main Theorems are 
equivalent. 

2.1 Definition. Let fit) — t^ — fit'^~^ + f 2 t^~'^ — ■ —I- i—^)^fn be a polynomial 
in the variable t with coefficients in the ring A, and let Af = A[ri,T 2 ,... ,Tn] be 
the splitting algebra of fit) over A with universal roots ti, T 2 , ..., r^. We write 

Dis(/) = -r,) = Hin-Tjf 

iPj i>j 

and call Dis(/) the discriminant oi fit). 

2.2 Lemma. Let B be an A-algebra and let fit) = — fit^~^ + _ ... -|- 

(—1)""/^ be a polynomial with coefficients in B. Write Bf = B[ti, T 2 , ..., r^] where 
ti,T 2 , ... ,Tn are the roots of fit) in Bf. Assume that the discriminant Disif) is 
regular in Bf. Then B is the ring of invariants of Bf under the action of &n. 
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Proof. Let v be an element in S/ which is invariant nnder the action of ©n- K 
follows from Proposition (1.10) that we have a nniqne expression 
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V ^ > girus 

OKnii <.i,s<i<n 
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with g{ms,ms+i, ■ ■ ■ ,mn) in B and where s > 2. The lemma asserts that all 
the coefficients g{ms,ms+i ,..., m^) are zero except g{0, 0,..., 0). Assnme to the 
contrary that at least one of the coefficients girUg^ , m^) with > 0 is 

non-zero. Since v is invariant nnder ©^ it is invariant nnder the transposition a 
which interchanges Tg-i and Tg and keeps the remaining roots hxed. We obtain 
that 


{v-a{v)) = '^g{mg,mg^i,... ■■'C") = 0. (2-2.1) 

I 

where the snm is over the set / = {0 < < f, s < f < n, rUg > 0}. By assnmption 

the element — Tj), and thns each element (r^ — Tj), is regnlar in Sj. Hence 

we can divide the term (r^'* of (2.2.1) by {jg — Ts_i) to obtain the eqnation 


rria — l 

^^(m„m,+i,...,mn)( 5]] ■ ■ ■ C") = 0. (2.2.2) 

I j=i 

All the monomials - on the left hand side of eqnation 

(2.2.2) are different and none of them contains a power of t\ since, if s = 2 and 
nig > 0, we have that rrig — 1 = m 2 — 1 = 0. Hence (2.2.2) is a non-trivial relation 
between the monomials with 0 < rrii < i. This contradicts the 

assertion of Proposition (1.10), and thns contradicts the assnmption that some 
coefficient g{mg, nig^i ,..., m^) with nig > 0 is non-zero. 

2.3 Lemma. Letti, t 2 , ■ ■ ■ ,tn be algebraically independent elements over A, and let 
si, S 2 ,..., Sn be the elementary symmetric functions in these variables. Moreover, 

let f{t) = t"" — fit'^~^ + —-h (—l)"'/n be a polynomial whose coefficients 

are algebraically independent over A, and let ti,T 2 , ... ,Tn be the roots of f(t) in 
the splitting algebra A[/i, / 2 ,..., /n]/ for fit) over A [/i, / 2 , ...,/„]. Then there is 
an isomorphism of A-algebras 

A[ti, r2, . . . , Tn] A[tl, t2, . . . , tn] 
mapping Ti to ti, and thus fi to Si, for f = 1, 2,..., n. 

Proof. Since /i,/ 2 ,...,/n are algebraically independent over A by assnmption, 
there is an A-algebra homomorphism ip : A[fi, / 2 ,..., fn] —^ -52,..., Sn] map¬ 

ping the variable fi to Si for t = 1,2, ...,n. We obtain that {pf){t) = t” — 
-I- S 2 t”“^ = YYi=i{t ~ ti)- By the nniversal property of 

splitting algebras there is a nniqne A-algebra homomorphism f; : A[ti, T 2 ,..., r^] = 
-4[/i,/ 2 ,...,/n]/ ^ A[ti,t 2 ,... An] snch that AAi) = for t = 1, 2,..., n, and 
restricting to (p on A[/i, / 2 ,..., /„]. 

We shall constrnct an inverse to this homomorphism. By assnmption the ele¬ 
ments ti,t 2 ,... An are algebraically independent over A. Conseqnently there is an 
A-algebra homomorphism A[tiA 2 , ■ ■ ■ An] —^ A[ri, T 2 ,..., r^] mapping ti to Ti for 
all i. It is clear that this homomorphism is the inverse to ip- 


6 



2.4 The Main Theorem on Splitting Algebras of Generic Polynomials. Let 

fit) = t"' — f (—l)"'/n be a polynomial whose coefficients are 

algebraically independent over the ring A. The following three assertions hold: 

(1) The ring of invariants of the splitting algebra A[/i, / 2 ,..., /n]/ of fit) over 
A[/i, / 2 ,..., /n] under the action of &n is A[/i, / 2 ,..., fn] ■ 

(2) The universal roots ti, T 2 , ..., of the polynomial fit) in A[fi, / 2 ,..., fn\f 
are algebraically independent over A. 

(3) The ring A[/i, / 2 ,..., fn]f is free as an A[/i, / 2 ,..., fn]-module. A basis is 

given by the monomials with 0 < mi < i for i = 2,3,... ,n. 

Proof. It follows from Lemma (2.3) that ri, T 2 , ..., are algebraically independent 
over A. That is, the second property of the theorem holds. In particnlar Y\i^jiTi — 
Tj) is neither zero nor a zero divisor in Af = A[ri, T 2 , ..., r^]. Hence the hrst 
property of the theorem follows from Lemma (2.2). The third property follows 
from Proposition (1.10). 

2.5 Corollary. Let f it) = — fif^ ^ + ^- Vi—l)'^ fn be a polynomial with 

coefficients in A and let ti,T 2 , ■ ■ ■ ,Tn be the universal roots of f in Af. Moreover let 
(f : Af ^ B be a homomorphism of A-algebras. For all polynomials /i(ti, t 2 ,..., tn) 
in the variables ti,t 2 ,... ,tn with coefficients in A that are invariant under the 
action of &n on the variables, we have that /i((p(Ti), <p(t 2 , ),■•■, Ti^n)) is in A. 

In particular the discriminant Dis(/) lies in A, and if Dis(/) is regular in A we 
have that A is the ring of invariants of A f under the action of &n. 

Proof. Let g{t) = — git^~^ + f 2 t^~‘^ -- + (—l)"^fi'n be a polynomial whose coef- 

hcients are algebraically independent over A, and let Ag = A[vi, V 2 , ■ • •, fn] be the 
generic splitting algebra, where V\,V 2 ,... ,Vn are the nniversal roots of g{t). By the 
nniversal property of splitting algebras the homomorphism A[gi, g 2 ,..., gn] A 
that maps gi to fi for i = 1, 2,..., n can be extended to an A-algebra homomor¬ 
phism f; : A[gi,g 2 ,..., gn] determined by 'f{vi) — Ti ^OY i = 1,2,... ,n. 

It follows from assertion (1) Theorem (2.4) that h{vi,V 2 ,... ,Vn) is in A, and 
conseqnently that 

h{lfi{ri), lfi{r 2 ), ..., Ti^n)) = <f{h{Ti,T 2 , ..., Tn)) 

= (p(h('0(f l), 'f{v2), ..., 'fiVn)) = (p'0(/l(f 1, V2, Vn) 

is in A. Hence we have proved the hrst part of the Corollary. 

When h{ti,t 2 ,... ,tn) = (-l)’^(’^-b/2 - tj), and B = Af with (p = id^, 

we obtain that h{ip{Ti),ip{T 2 ),... ,‘p{Tn)) = /i(ti, T 2 , ..., Tn) = Dis(/). Hence the 
second part of the Corollary is a conseqnence of the hrst part. 

It follows from Proposition (1.10) that if Dis(/) is regnlar in A then it is regnlar 
in Af. Hence A is the ring of invariants of A/ nnder ©n when Dis(/) is regnlar in 
A. Hence we have proved the last part of the Corollary. 

2.6 Theorem. The Main Theorem on Symmetric Functions is equivalent to the 
Main Theorem on Splitting Algebras of Generic Polynomials. 

Proof. The assertion of the theorem follows immediately from Lemma (2.3) since 
the algebraic independence of the elements ti,t 2 ,... ,tn implies that the elements 
Ti, r 2 ,..., Tn are algebraically independent, and the algebraic independence of the 
elements /i, / 2 , • • •, /n implies that the elements si, S 2 ,..., are algebraically in¬ 
dependent. 
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2.7 Remark. It is curious that it is the algebraic independence of the elements 
/i, / 2 ,..., /n that implies the algebraic independence of si, S 2 ,..., whereas it is 
the algebraic independence of the elements ■ ■ ■ ,tn that implies the algebraic 

independence of ri, r 2 ,..., r^. This fact, accounts for the difference in the second 
properties of the Main Theorem on Symmetric Functions and the Main Theorem 
on Splitting Algebras of Generic Polynomials. 

3. The ring of invariants of splitting algebras 

We shall now give a different proof of Lemma(2.2). As will be seen it also gives 
the conclusion of the Lemma under a different condition, namely that 2 is regular 
in A. It should be noted that the proof is completely independent of the previous 
section and thus gives an alternative proof of Lemma(2.2) and of the hrst assertion 
of Theorem(2.4). 

3.1 Theorem. Let f{t) = —I-h (—l)"'/n be a polynomial 

with coefficients in the ring A. Assume that either of the following two conditions 
hold: 

(1) The element 2 is regular in A. 

(2) The element — tj) is regular in Af. 

Then A is the ring of invariants of Af under the action of &n- 

Proof. When the degree n of f{t) is 1 the assertions of the theorem obviously hold. 
We shall prove the case n = 2. It follows from Proposition (1.10) that an element 
which is invariant under ©2 is of the form g + hri = g -\- /it 2 with g and h in A. 
Thus we must have that hiji — T 2 ) = h{fi — 2 T 2 ) = 0. In particular it follows from 
Proposition (1.10) that 2h = 0. When (ti —T 2 )(t 2 —ti), or 2, are regular, we obtain 
that h = 0. Hence the theorem holds for n = 2. 

We now prove the theorem by induction on the degree of /(t), starting with 
the already proved cases of degree 1 and 2. Assume that n > 3 and that the 
theorem holds for n — 1. Write Af = A[ri, r 2 ,..., r^] where ti, T 2 ,..., are the 
roots of f{t). It follows from Remark (1.8) that Af is the splitting algebra of 
fn-i(t) = f(f)/(t — Tn) over A[Tn]. If 2 is regular in A it follows that it is regular 
in A[rn]. Moreover, if — tj) is regular in Af, then — rf is regular 

in A[rn]/„_i — induction hypothesis applied to the splitting algebra 

A[rn]/„_i of fn-i over A[Trf\ every invariant in Af under ©„ will be in A[Tn] and 
can therefore be written as g{Tn) for some polynomial g{f) of degree strictly less 
that n and with coefficients in A. 

The element g{Tn) is invariant under the transposition exchanging t„_i and 
Tn and leaving the remaining roots hxed. Hence we have that g{Tn) = g{Tn-i) 
in A[Tn,rn-i] = A[Tn\[t]/{fn-iit)). Consequently we have that g{t) - g{Tn) = 
h(t) fn-i{t) in A[rn][t] for some polynomial h{t). Since g{t) is of degree strictly less 
than n we see that h{t) is of degree 0 in t. Hence we have that h = k{Tn) where 
k{s) is a polynomial in the variable s of degree strictly less than n with coefficients 
in A. Hence we have that g{t) — g{Tn) = k{Tn)fn-iit) for some polynomial k{f) in 
A[rn][t]. Multiplication by {t — Tn) gives that 

(t - Tn){g{f) - g{Tn)) = k{Tn) f {fj 
in A[rn][t] = A[t][s]/(/(s)). Consequently we have that 

(s - t){g{s) - git)) = k{s)f{t) + l{s, t)f{s) 
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for some polynomial l{s.t) in A[s, t]. The left hand side of (3.1.1) has degree at most 
n in s and k{s) is of degree strictly less than n in s. Hence /(s, t) mnst be eqnal to 
the coefficient g of s"" in sg{s). With s = t in (3.1.1) we see that k{s) = —/(s, s) — g. 
We have proved that 


(s - t){g{s) - g{t)) = g{f{s) - (3.1.2) 

Comparing the homogeneons component of degree n on both sides of (3.1.2) we get 

(s - t)igs--^ - gt--^) = gis^ - T) (3.1.3) 

in A[s,t]. The eqnation (3.1.3) can not be satished when n > 3 nnless <7 = 0 and 
thns (s — t){g{s) — g{t)) = 0. Conseqnently g{s) = g{t) so that g{t) is in H, and so 
is g{Tn)^ as we wanted to prove. 

3.2 Example. When condition (1) of Theorem (3.1) does not hold, the conclnsion 

of the theorem may not be trne. For example, the elements of the form g-\-hTi in the 
splitting algebra H[ri, T 2 ] of the polynomial f{t) — — fit + /2 are invariant nnder 

©2 when h is in the annihilator of /i and 2h = 0. This is becanse g + hri = g-\- hT 2 
exactly when /i(ri — T 2 ) = h{fi — 2 T 2 ) = 0. In particnlar, when 2 = 0 in H and 
A has zero divisors the ring of invariants of Af nnder the action of ©2 is, for a 
snitable polynomial /(t), strictly bigger than A. 

3.3 Remark. We saw in Corollary (2.5) that the discriminant of f{t) is in A, and 
that we can replace the second condition in Theorem (3.1) by the condition that 
the discriminant does not divide zero in A. We have chosen to present Theorem 
(3.1) in the apparently less general form to emphasize that the proof is independent 
of the resnlts of Section 2. 

4. Some uses of splitting algebras to Galois theory 

We shall illnstrate some of the nses of splitting algebras to Galois theory. The 
hrst two resnlts hold over an arbitrary base ring A. We say that two polynomials 
f{t) and g(t) in A[t] are mutually prime when the ideal they generate is eqnal to 
H[t]. 

4.1 Lemma. Let fit) = 111=1 be a monic polynomial of degree n which is the 
product of monic polynomials gi(t) of degree Hi that are mutually prime over the field 
A. Denote by Ag. = A[vii^V 2 i^ ■ ■ ■ the splitting algebra of gi(t) over A where 

the elements uii, U 2 i,..., = Vi are the universal roots of gi(f), and let Af = 

^[ui, T 2 , ..., Tn], where Ti,T 2 ,...,Tn are the universal roots of f{t). Let hi(t) = 
9iit)''' 9 iif) / if ~ 'oii) ■ ■ - grit) in H[ui][t]. Then we have a canonical isomorphism 

r 

Af A[vi]hi- 

i=l 

Proof. It follows from the Chinese Remainder Theorem that we have a canonical 
isomorphism A[t]/if) 111=1 ^^at is 



The image of — Tn) by the projection A[rn][t] —^ is hi. It is 

clear that since gi{t), g 2 {t),..., gr(t) are mntnally prime over A, the polynomi¬ 
als gi(t),..., hi{t),..., gr(t) are mntnally prime over A[ni]. From the nniversal 
property of splitting algebras it conseqnently follows that 

r 

i=l 


which is the isomorphism of the lemma. 

4.2 Notation. Let ni, n 2 ,..., nr be positive integers and let n = ni-|-n 2 + - ■ ■+nr. 
An (ni, n 2 , ..., nr)-shujfle of the integers 1, 2,..., n is a permntation a in &n snch 
that when no = 0 and pi = ni -|- n 2 + ■ ■ ■ + nj for j = 1, 2,..., r, we have that 

a{pj-i + 1) < criPj-i + 2) < ■■■ < a{pj), 

for j = 1, 2,..., r. The set ©(ni|n 2 | ■ ■ ■ jn^) of (ni, n 2 ,..., n^) shnffles of 1, 2,..., n 
represents the left cosets in of the snbgronp ©(ni, n 2 ,..., n^) that permntes 
the elements in the sets {pj-i + 1, Pj-i + 2,..., pj) for j = 1, 2,..., r. 

Let f(t) = 111=1 be a prodnct of polynomials gi{t) of degree n^. For each 
shnffle cr in ©(ni|n 2 | ■ ■ ■ |nr) we obtain a map 

‘Per- Af > Agj ©A ©A ■ ■ ■ ©A -^gr 

which maps • • •, Ta-^pj) to pij = 1 ©a- • -^avij^a-■ -©A 

1 , P 2 j = 1 ©i • • • ©A ©A • • • ©A 1 , • • • , Pnjj = 1 ©A ' ' ' ©A Vn^j ©A ' ' ' © A 1 for 
j = 1 , 2,..., r where Vij is in the j’th factor. The map ipcr maps ri, T2, ..., Tn to the 
roots Pii, P21, ■ • •, Pmi, Pi2, P22, • ■ ■, Pn22, • ■ •, Pir, P2r, ■ ■ •, Pn^r shnffled by a. That 
is iperiji) = Pa{A)j where j is determined by Pj-i < i < Pj- 

4.3 Theorem. Let fit) = 111=1 ® splitting over A of the monic polynomial 

fit) in mutually prime monic polynomials giif). Then the homomorphism 

JJ p^:Af-r JJ ©A Ag2 ©A • • • © A 

(T6S(ni|n2|---|nr) o'66(ni|n2|---|nr) 


is an isomorphism. 

Proof. We prove the theorem by ind notion on the degree n of fit). It is clear that 
the assertion of the theorem holds when n = 1. Assnme that the theorem holds 
for polynomials of degree n — 1. It follows from Lemma (4.1) that we have an 
isomorphism 

r 

Af A[vi]hi 

i=l 

with hiit) = giif) ■ ■ ■ giif)/it — Vi) ■ ■ ■ grit). From the indnotion assnmption it 
follows that there is an isomorphism 



where the product is over all the (ni,..., n* — 1 ,..., n^)-shuffles &i of the integers 
(1, 2,-n-i — 1, TT-i -|- 1,..., rir). We have that A[vi\g = A[vj\ Ag for all 
polynomials g in A[f], and that A[vi]g.i(^t-Vi) ~ ^gi- Consequently it follows from 
the induction hypothesis that A[vi]hi — Ilcreei ^gi Ag^ Ag^. We thus 

have an isomorphism 

r r 

Af ^ 1[A[v,]h, ^ n n ^31 Ag^ 0A---0A Ag^. (4.3.1) 

i=l i=l uE&i 

The right hand side of (4.3.1) is canonically isomorphic to ncree(ni|n 2 | - |n^) 

Ag 2 Ag^ by the map that maps to p^i and coincides with a on 

Ti, T 2 , ..., Tn- 1 - Consequently the isomorphism (4.3.1) is the map described in the 
theorem. 

4.4 Remark. A consequence of Theorem (4.3) is that A/ as a ©n-representation 
is induced from the ©^-representation Ag^ 0 - ■ -I^Ag^, where p is the partition 

4.5 Proposition. Let fit) be a monic polynomial with coefficients in a field K. 
The group ©„ operates transitively on the maximal ideals of Kf. 

Proof. Let L be an algebraic extension of K where the polynomial fff) splits. The 
maximal ideals in AT/ are the intersection of the maximal ideals in Lj- = L Kf 
by the integral extension Kf ^ Kf. We can therefore assume that fit) splits 
in linear factors in K. 

Write fit) = : with /i, / 2 ,..., /r different elements in K. It follows 

from Theorem (4.3) that we have Kf = na 66 (ni|n 2 |...|n.) ®KK(^t-hr 2 ®k 

K(i_f^'^nr. Consequently every maximal ideal in AT/ comes from a maximal ideal 
in one of the factors Arp_j-^)ni K(^t_f^)n 2 ®k ■ ■ ■ ®k Kp-fA^^ ■ For each positive 
integer m and each element of AT we have a AT-algebra homomorphism K(^t-g)'^ 
K(^t-g) = K which maps the roots ui, U 2 ,..., Vm of (f — g)'^ in Kft-gA to g. The 
kernel of KA_g'^m K(^t_g) is therefore the maximal ideal generated by vi — 
( 7 , U 2 — < 7 ,..., Ur — < 7 , and it is nilpotent because (u^ — g)'^ = 0 for all i. Hence 
K(i_fA^i has a single maximal ideal whose residue held is K. It follows that 
Kp-f 2 A 2 ®KK(t-fA^^ Fas a single maximal ideal Ya=i K(t-fiAi ®k 
■ ■ ■ ■®KKft_fAr<.T whose residue held is K. Since ©„ operates transitively 

on the factors of n.e S(ni|n 2 |-|nr) ®KK^t-urr wc have that 

it operates transitively on the maximal ideals. 

4.6 Corollary. A splitting field of a polynomial with coefficients in a field K is 
determined up to K-isomorphisms. 

Proof. Let A be a splitting held of the polynomial fit) with coefficients in K. 
We have a natural surjection Kf = K[ti,T 2 , ... ,Tn\ —^ L mapping the roots 
ri,T 2 ,...,rn of fit) in Kf to the roots of / in A, in some order. The kernel is 
a maximal ideal. Hence the corollary follows from the proposition. 

4.7 Proposition. Let fit) be a polynomial which is separable over a field K, that 
is fit) and its formal derivative fit) are mutually prime over K. Then we have 
that 

(1) The field K is the ring of invariants of Kf under the action of &n. 

(2) The splitting algebra Kf can be written as a direct product Kf = ni=i Ki 
of fields Ki that are separable over K. 
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In particular the action of &n on Kf permutes the factors in the produet UUlKr 
transitively, and all the Ki are K-isomorphie to the same field L. Moreover, if G 
is the stabilizer of one of the faetors, then G operates on L, and K is the ring of 
invariants under this action. 

Proof. Since f{t) = Y\a=i^^~p) have that f'ijj) = Hence 

Dis(/) = (—nj=iWhen fit) is separable over K we therefore 
have that Dis(/) is invertible in Kf. It follows from Lemma (2.2) or Theorem (3.1) 
that the ring of invariants oi Kf nnder the action of is K. 

We prove the second part of the proposition by indnction on the degree n of 
f{f). The proposition holds for polynomials of degree 1. Assnme that it holds for 
polynomials of degree strictly smaller than n. 

Write fit) as a prodnct fit) = 111=1 fi'i(^) of irredncible polynomials giif) in 
K\f\ that are relatively prime over K. It follows from Lemma (4.1) that the 
ring iL[rn](/(i)/(t-r„)) can be written as a prodnct of helds K[vi]hi where K[vi] = 
K[f\/{gi) and hi{t) = gi{t) ■ ■ ■ giit)/it — Vi).. .grit). It is clear that each giit) is 
separable over K, and that giif)/it — Vi) is separable over K[vi]. In particnlar we 
have that K[vi\ is a separable held extension of K. It follows from the indnction 
hypothesis that K[vi]hi is a prodnct of helds that are separable over K[vi], and con- 
seqnently are separable over K. Hence we can write Kf as a, prodnct of separable 
held extensions of K. 

To prove the last part of the proposition we observe that assertion (2) of the 
proposition is eqnivalent to writing Kf as a prodnct Kf = Y[l=i^Ki where Ki 
are snbhelds of Kf that are separable over K and ei, 62 ,..., e^- are the primitive 
idempotents of Kf. Since the are the only primitive idempotents in iL/ they are 
permnted by 6 ^. The orbit of nnder this action is invariant nnder and thns 
in K. Hence it mnst be eqnal to e^, that is, &n operates transitively on the 

idempotents ei, 62 ,..., e^.. It follows that the helds Ki are isomorphic. Let G be 
the stabilizer of one of the idempotents e^. Then G operates on Ki and the ring of 
invariants of Kf nnder is clearly eqnal to the ring of invariants of Ki nnder G. 
The last part of the proposition thns follows from part (1) of the proposition. 

4.8 Corollary. Let L he the splitting field of a separable polynomial fit) over the 
field K and let G he the Galois group. Then K is the ring of invariants under the 
action of G on L. 

Proof. We have a snrjective map Kf ^ L. It follows from the proposition that 
A’/ = nL ^iKiCi where ei,e 2 ,...,er are the primitive idempotents of Kf, and 
where L is isomorphic to Ki for i = 1, 2,..., r for a separable held extension L of 
K. The idempotents ei, 62 ,..., Cr map to either 0 or 1 in L. Since CiCj = 0 when 
i ^ j we have that exactly one maps to 1 and the remaining Cj to 0. Hence the 
map Kf ^ L factors via the projection Kf ^ KiCi. Hence we have an isomorphism 
L L. It is clear that the Galois gronp of L is the stabilizer of e^. Hence it follows 
from the proposition that K is the ring of invariants of L nnder the action of G. 

4.9 Example. One shonld not be misled by Corollary (2.5) and Theorem (3.1) to 
draw too strong conclnsions abont the relation between the invariants of splitting 
algebras and the invariants of antomorphisms of helds in the case of non-separable 
extensions. To illnstrate this we consider the polynomial fit) — G — s over the 
fnnction held Kis) of the variable s over a held K of characteristic 3. Then Kis)f = 
iL(s)[ri, T 2 , Ta] where L = Kis)[Ts\ = iL(s)[t]/(t^ — s) is the splitting held of the 
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polynomial f{t) over K{s), which is purely inseparable of degree 3. Let / 2 (t) = 
— Ts) — (t — Ts)^ and K{s)f = K{s)[Ts][t]/{{t — T 2 )^). Hence we have that 
(r* — Tj)‘^ — 0 in K{s)f and that 3 = (ti — T 2 , ti — T 3 , T 2 — T 3 ) is the unique maximal 
ideal of K{s)f. We have that the ideal 3 is stable under the action of the group 
63. Hence 63 acts on the quotient held K{s)f/3 which is the splitting held of 
— s over K{s). However, we have that ©3 acts trivially on K{s)f/3 because 
o'Ti — Ti = —Ti is in 3 for all i. Hence, although K(s) is the ring of invariants 

of K{s)f under ©3, the group of iL(s)-automorphisms of L is trivial. 

4.10 Remark. Example (4.9) implies that the extension 

0^9^ K{s)f^ L^O 

is non-trivial as an extension of © 3 -modules. More precisely, as 3^ = 0, we have 
that 9 is a 1 -dimensional L-vector space and it is easily seen that ©3 acts on it 
by the signum character. The boundary map of the above exact sequence gives an 
L-isomorphism L iL^(© 3 , 3). 
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